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The non-axisymmetric postbuckling behaviour of an elastic, shallow spherical dome, which is rigidly clamped along its contour
and loaded with a uniform transverse pressure, is considered. The solution of the problem is constructed using the Rayleigh-Ritz
method based on the Marguerre equations in which the displacements in the circumferential direction are approximated by a
Fourier series, and the radial displacements by Bessel functions. The resulting system of non-linear algebraic equations is solved
by prolongation methods. It is shown for the first time that a shell has postbuckling, non-axisymmetric equilibrium states with
loads which are significantly less than the upper critical load as well as the loads corresponding to bifurcation points. It is suggested
that, taking into account the forms of these equilibrium states as the initial inaccuracies of a spherical dome should enable one
to model the spread in its experimentally obtained critical loads. © 2004 Elsevier Ltd. All rights reserved.

The principal aim of the solution of the problem of the postbuckling behaviour of shells is to determine
their equilibrium states under conditions when the shell has already lost its load-bearing capacity. These
equilibrium states are unstable and cannot be realized under operational conditions. However, a
knowledge of the complete pattern of the behaviour of a shell enables one to look at the process of its
deformation in another way and to understand those phenomena, which remain unexplained from the
points of view of idealized mathematical models of a shell. The problem of the disagreement between
the theoretical and experimental data on critical loads in the case of thin-walled and, in particular, shallow
spherical domes as the objects which are studied in the greatest detail in this project can serve as an
example of this.

The history of this problem covers a period of almost 100 years. The paper by Bach [1] in 1902 is
apparently the first experimental investigation in which it was discovered that a spherical shell turns
out to be unstable at a certain external pressure. Thirteen years later, in 1915, the first paper concerned
with calculating the stability of thin, elastic, spherical shells came to light. This is the dlssertatlon by
Zolly [2]. In this dissertation, a formula for the lowest critical pressure g = 2E[3(1 - v*)]Y?(h/R)?, where
E is the Young’s modulus of the shell material, v is its Poisson’s ratio, 4 is the wall thickness of the shell
and R is its radius, was obtained in a linear formulation. In 1922, an attempt was made by Schwerin [3]
to refine Z6lly’s approximate formula by an exact analytical solution of the linear, axisymmetric equations
for a shallow spherical shell. However, it turned out that Z6lly’s formula was confirmed: calculations
using it and also Schwerin’s formulae only gave a difference in the third decimal place in the values
for the lowest critical load. Much later, in 1939, Boley and Sechler (see [4]) carried out a careful
experiment with a copper hemisphere and established that the critical pressure is a quarter of the
theoretical value given by Zolly’s formula.

The subsequent development of research in this field is characterized, on the one hand, by a constant
increase in the experimentally obtained data on the values of the critical loads for various spherical
shells and, on the other hand, by endless attempts to provide them with a theoretical basis. For this
purpose, calculations have been carried out, using linear theory, account has been taken of the
instantaneous stress—strain state of a shell before loss of stability, the geometrically non-linear equations
of the theory of shells have been used and shells with initial imperfections in their form, contour
conditions and methods of loading, and shells with the possibility of elastoplastic deformation of the
material, etc. have been considered. A detailed discussion of this development of the theory and practice
of the analysis of spherical shells can be found in [5-7], as well as in the reviews [8~10] and the monograph
[11].

A comparison of the experimental and theoretical values of the critical loads for the loss of stability
of a thin, shallow spherical shell of constant thickness acted upon by a uniform transverse pressure is
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shown in Fig, 1. Here, g* = [3(1 — v))]"qR*(2Eh?) is the dimensionless transverse pressure and
i = [12(1 - v))]¥[a¥(RR)]"* is the wall-thinness parameter of the shell. The theoretical dependences
of the upper critical load ¢} load and lower critical load ¢* of an axisymmetrically deformed spherical
dome on its wall-thinness parameter are shown by the solid lines with the numbers 1 and 2. They were
obtained by different researchers by solving the Marguerre and Reissner equations. Values for the upper
critical load, taken from the experimental papers of different investigators (see [11]), are shown by
the points.

Attempts to refine the values of the upper critical load of a shallow spherical dome by considering
its axisymmetric postbuckling behaviour are represented by the papers [12-14]. Some results from [14]
are labelled with the numbers 3 to 12 in Fig. 1.

It can be seen that the introduction into the calculation of a small initial inaccuracy, which is
proportional to the deflection of the dome and characteristic of curves 4 and 6, enables one to reduce
its upper critical load. However, this reduction stays within the limits of tens of percent.

Investigations [15, 16] dating from 1960 are the first in which the finite non-axisymmetric buckling
of a shallow spherical dome, rigidly clamped along its contour and acted upon by a uniform pressure,
was considered. Over a period of two years after this, the papers [17-19], in which the results of a
calculation of the non-axisymmetric critical loads for the same dome were given, came to light. However,
the reliability of these results gave rise to doubt. It was only in 1963 that reliable values of non-
axisymmetric critical loads were successfully obtained [20] although, here also, the author proved to
be liable to error. It was shown in [21] that, due to the simplified description of the radial and
circumferential forces, he obtained a low asymptotic estimate of the least critical pressure in the case
of a thin shell with a large number of waves along the circumference. However, this error had no effect
on the main results, which were obtained numerically. A curve showing the magnitude of the lowest
non-axisymmetric critical load according to [20] is denoted by the values n = 2, 3, ..., 10 in Fig. 1,
where # is the number of waves along the circumference of the dome which corresponds to this load.

An acceptable compromise between the calculated and experimental data was found by a group of
Japanese researchers who, in formulating the experiments in [22, 23], measured the initial deflection
of each unloaded shell, which appears after it has been clamped to the laboratory stand and is a random,
non-axisymmetric function of the coordinates of the points of the shell surface, in addition to the
deflection of the shell and the loads corresponding to it. These data on the initial deflection of the shell
were used to calculate the initially non-axisymmetric deformation of the shell with its snapping and
subsequent complete turning inside out [24, 25]. A high degree of agreement between the theoretical
and experimental values of the upper critical load was obtained as a result.

In view of what has been said above, the purpose of this paper is to solve the complete problem of
the geometrically non-linear deformation of a shallow spherical dome, taking into account the possibility
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of its non-axisymmetric loss of stability and its non-axisymmetric postbuckling behaviour and to find
those forms of initial inaccuracy using, which it should be possible to obtain, the whole spectrum of
experimentally obtained critical loads.

1. MATHEMATICAL MODEL OF A DOME

Among the existing methods of representing the non-axisymmetric deformations of a shallow spherical
dome with finite deflection, which is treated in the polar system of coordinates r and 0, the simplest,
tested and sufficiently accurate method is the method, based on a quadratic law to describe the
deformations

e —_a_l_‘._‘l)-'.ﬁ—z K =—az_”}
rr—ar R 2’ rr arz
oo W 1k oo __l(zz_w__zé»_v)
T 9r r ro@ 7 8T . 0re® radb
2 2
_1dv . u w B _ 1{19°w  ow
0 =38 2 “ee-‘r(raez’farJ

where e,,, ,6, €a9, Ky, Krg and Kgg are the deformations and curvatures of the middle surface of the dome,
u and v are the radial and circumferential displacements of the points of the middle plane of the dome,
w is the deflection and 8, = ~dw/dr and 8y = —ow/(rd0) are the angles of rotation of the normal to the
middle surface of the dome in the radial and circumferential directions.

Using Hooke’s law, these deformation relations give the following expressions for the potential
deformation of a dome and the work of the transverse pressure applied to it

a2n

1 2 l-va2 2
I1= EJI{B[EH+2V€"eee+—-2-—e,9+eee]+
00

(1.1)
+ D[Kf, +2VK, Kgg + (1 - v)vcfe + ng] }rdrde
aln
A= J'jqwrdrde (1.2)
00

Here, D = ER3/[12(1 - v?)] is the cylindrical stiffness of the dome wall and B = Eh/(1 - v?) is its stiffness
to stretching and compression.

The potential energy of the deformation of the dome and the work of the transverse pressure applied
to it enable us to obtain from the Lagrange variational equation

8(I1-4) =0 (1.3)

the Marguerre equilibrium equations

VA2 + %’—'Vzw + %Nz(w, w) = 0

(1.4)
DV*Viy - %VZF—Nz(F, w)=-gq; 0<r<a, 0<0<2n
and the corresponding boundary conditions for the case of rigid clamping along the contour
u, v\,w,%,N,, ..., Q(,) are bounded functions when r=0
u=v=w=19Y =0 when r=a (1.5)

where V7 is the Laplace operator and N, is the second order non-linear differential operator



812 E. I. Grigolyuk and Ye. A. Lopanitsyn

& .10

ar> 19

| @
(]

V-2= +

~N
Sl

a6’
12°¢(9E 1% ,0(138)d (134 1a§ag 197
N5, 8) = rort (ar rae2]_2ar(r89)ar(r89) ror or ra_ez

F is the Airy force function, which is associated with the specific normal and specific shear forces by
the following relations

faF 13°F) _1(18_1’_8217) Ny = OF
Hart rag?) ™ r\rd8 orde) % 9

and Q! is the generalized radial specific transverse force

d

Q7 = -Ds [V we(1-V)s (law)]uv,',ﬂ,uv,eﬂe

The Rayleigh—Ritz method is one of the methods for solving the problem of the finite buckling of
a shallow spherical dome. In order to employ this method, the displacements of the points of the middle
surface of the dome are represented by the functional sums

Ka
2 on m(p) + z Uaiuai(p)cos(nia)

u* =
i=1 i=1
Ka
v* = YV, 0,(p)sin(n;8) (1.6)
i=1
Ka
*= ) Wow W, w =1I
W 2 ooilP)+ X, Wowi(p)cos(n); p =
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where terms with the subscript o are the axisymmetric components of the solution, those with the
subscript a are the non-axisymmetric components, the number of the non-axisymmetric harmonics »;
are specified in advance, U, Uy, V,;, W,; and W, are the required generalized displacements and,
starting from the structure of the equilibrium equations for the dome (1.4) and boundary conditions
(1.5), we represent the basis functions u,;(p), u.i{(p), V.(p), w.:(p) and w,(p) in the following form

u,(p) = A0 ((vp,p), i=1K

o

WoilP) = Coil Jo(®,,p) - b, l(w,p)], i = 1,K,

il
.

, K

a

uai(p) = Aai"n,-+l(vaip)’ i

1,K

a

vai(p) = Bai"ni+l(uaip)’ i

wai(p) = Cai[‘,n,(waip)_bailn,-(waip)]’ i = 1’Ka

Here, J,, and J,, , ; are nith and (n; + 1)th order Bessel function of the first kind, /,, are modified
n;th order Bessel functions of the first kind, and the constants 4,;, C,;, b, Agi» Bai, C,; and b,; and the
coefficients v,;, ®,;, Va4, W, and w,; are determined from the boundary conditions.

For displacements of the dome in the form of (1.6), the potential energy of deformation of the shallow
spherical dome (1.1) and the work of the external load (1.2), after integration has been carried out, is
described in the form of finite sums, the arguments of which are the generalized displacements of the
dome Uob Uaia Vai’ Woi and Wai-
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The further implementation of the Rayleigh-Ritz method enables one to obtain the equilibrium
equations of the shell in terms of the generalized displacements. For this purpose, the potential energy
of deformation IT and the work of the external load A are substituted in the form of finite sums into
the Lagrange equation (1.3), whereupon a system of non-linear algebraic equations is obtained which,
in matrix notation, has the form

f(x) = 0 (1.7)

For the vector f = (F, F, ... F me)T, we have in mind a vector composed of the partial derivatives of
the total potential energy of deformation of the shell 3 = IT -4 with respect to the displacements U,;,
W, (i = 1,Ky) and Uy;, V,;, W, (i = 1, K,,). In accordance with the idea of the variables of the solution
having equal rights, the vector x is made up of the generalized displacements, to the number of which
the dimensionless transverse load is added,

X = (U Wop, Ugpy Wops oo Upg s Wog
T
Ual’ Val’ Wal’ UaZ’ Va2’ Wa2’ R UaK,,’ VaK,,' WaKa! q*)

The solution of the system of non-linear algebraic equations (1.7), the order of which, for simplicity,
is assumed from now on to be equal to n, is constructed by the method of continuous prolongation,
which is based on the numerical solution of the Cauchy problem corresponding to it with zero initial
conditions describing the unloaded state of the shell.

To do this, the system of linear algebraic equations

Jg=b (1.8)

is solved far from the bifurcation points in a similar manner to that described earlier in [26] at each
step with respect to the parameter A, where J is the extended and supplemented Jacobian of the system
of non-linear algebraic equations (1.7), q is the prolongation vector of the solution x and b is the vector
of the right-hand sides of the system of prolongation equations

Fii o Fi, Fi,g o 0
Jom || e . q= b=

Fn,l an Fn,n+l (pn 0

Fl,n+1 Fn,n+l € (pni-l b

The elements of the Jacobian J are calculated as the partial derivatives of the left-hand sides of system
of non-linear algebraic equations (1.7) using the arguments of the solution, among which the
dimensionless load g* is included. The parameter € of system (1.8) is chosen from the condition of the
best possible conditionality of the Jacobian of this system and the parameter b is chosen from the
condition for the prolongation vector of the solution q to be close to the normalized vector: ||q}| = 1.
As a result, the vector q, which, from as a geometrical point of view, is a tangential vector to the loading
trajectory, is the vector of the right-hand sides of the normal system of ordinary differential equations

dx/d\ = q(x) (1.9)

the numerical solution of which gives the coordinates of the points of the loading trajectory of the shell.

In order to compensate for the errors in determining the vector x, which accumulate during the
numerical solution of the system of prolongation equations (1.8), the method of discrete prolongation
[27] is used beyond the bifurcation points. The basis of this technique is Newton’s method, which has
been implemented for an extended variable space. In accordance with the approach described previously
in [27], each iteration of Newton’s method is carried out by solving a system of linear algebraic equations
of the form

JAx = 1, (1.10)

where Ax is the vector of the discrepancies of the solution and f, is the augmented vector of the left-
hand sides of the system of non-linear algebraic equations (1.7):

AX = (Ax, Axy ..., Ax,, ), £, = (F,Fy ... F,,0)7

s Lo
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The system of linear algebraic equations (1.7) is ill-posed in the neighbourhood of the bifurcation
points and degenerate at a bifurcation point itself. It is impossible to calculate the prolongation vector
q and to obtain the solution of system of differential equations (1.9). Hence, in this situation, a
modification of the prolongation method is used [28]. It consists of the fact that the prolongation vector
q, which is the vector of the right-hand sides of system (1.9), is sought in the neighbourhood of a
bifurcation point and at the bifurcation point itself as a linear combination of the eigenvectors of the
algebraic eigenvalue problem

It has been shown [28] that the eigenvectors of this problem, which have a null (» + 1)th component,
are bifurcation components and, by using them, it is possible to extend the solution from a bifurcation
point along any chosen branch. The remaining eigenvectors are answerable for the formation of the
prolongation vector along the main branch of the loading trajectory and the process of prolongation
of the solution again reduces to solving the Cauchy problem for system of differential equations (1.9).

The refinement of the solution in the neighbourhood of bifurcation points as well as its prolongation
is carried out using a special algorithm [29]. It is constructed on the solution of the eigenvalue problem
(1.11). Using its eigenvectors, a discrepancy vector Ax, which refines the solution, is constructed using
the given technique at each iteration of Newton’s method, depending on where the refinement is carried
out: on the main branch of the loading trajectory or on the bifurcation branch.

2. ANALYSIS OF THE POSTBUCKLING BEHAVIOUR OF A DOME

An ideal shallow spherical dome is an axisymmetric shell. Its loading with an axisymmetric load, that
is, with a uniform transverse pressure, gives rise to axisymmetric deformations in it. The axisymmetric
loading trajectory of an elastic dome with a wall-thinness parameter u = 6, which can correspond to a
dome with R/h = 100, ¢, = 19° and v = 0.3, and a uniform transverse pressure is shown in Fig. 2. In
this figure, there is a linear deformation segment and a non-linear deformation segment in which there
are two limiting points: point B and point H. These points divide the axisymmetric loading trajectory
into stable and unstable segments. The segments OB and to the right of point H are the geometrical
location of points corresponding to stable equilibrium states of the dome while the segment BH
corresponds to its unstable equilibrium states. The initial shape of the undeformed dome (the point 0)
and the shapes of the deformed surface of the dome at points B and H are shown in the right-hand
upper part of Fig. 2 (henceforth, the external periphery corresponds to a zero dimensionless z coordinate
of the dome z* = z/h = 0). At point B, the dome loses stability by snapping. The ordinate of this point
determines the upper critical load. At this point, the dome has a neutral equilibrium state and, upon
the infinitesimal increase in loading, transfers by snapping to a new stable state, which is described by
a point located in the loading trajectory to the right of point H and having the same ordinate as point
B. If the dome snapped under the action of the load and finds itself in a stable equilibrium state described
by points to the right of point H, then, in proportion to the removal of the load, the point corresponding
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to the equilibrium state of the dome will “sink” along the loading trajectory to the point H. The ordinate
of this point determines the lower critical load of the dome. At this point, the dome again acquires a
state of neutral equilibrium and, where there is a further reduction in the load, will click out and return
to a shape which is close to the initial unloaded shape, described by a point in the segment 0B of the
loading trajectory with an ordinate which is equal to the ordinate of point H.

The existence of the bifurcation points H1, ... , H4, K1, ... , K4 (Fig. 2) in the loading trajectory of
the dome suggests that, under the action of an axisymmetric load, it can be deformed non-
axisymmetrically. At all these points, the dome has axisymmetric, neutral, equilibrium states, as a Eulerian
loss of stability of the dome occurs at points H1, ... , H4 with the formation of one, two, three or four
waves along the periphery, respectively. The existence of similar points K1, ... , K4 in the unstable
segment of the trajectory BH suggests that, at these points, together with the unstable, axisymmetric,
stress—strain state, unstable, non-axisymmetric stress—strain states with one, two, three or four waves
along the circumference respectively are also characteristic of the shell.

Bifurcation branches of the loading trajectory emerge from these points. These branches are the locus
of unstable, non-axisymmetric equilibrium states of the dome and are shown in Fig. 3. Each of them,
with the exception of the branch which corresponds to equilibrium states with a single wave along the
circumference, begins at the points H2, H3 and H4 and terminates at the points K2, K3 and K4. The
bifurcation branch, which describes a stress—strain state with as a single wave along the circumference,
consists of two parts, each of which begins in the axisymmetric part of the loading trajectory at the points
H1 and K1 and terminates at the point K13 on the bifurcation branch joining the points H3 and K3.
The forms of the deformed surface of the dome at points of the bifurcation branches of the loading
trajectory are shown in Figs 4-7.

One emerging from each bifurcation point in the stable segment of the axisymmetric loading trajectory
0B, non-axisymmetric deformations of the dome, which acquire an ever more noticeable character as
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the distance from the bifurcation point increases, are superimposed on the axisymmetric deformations.
However, on approaching the bifurcation points in the unstable segment of the axisymmetric loading
trajectory BH, the non-axisymmetric components of the deformation disappear and the dome shape
becomes axisymmetric at a bifurcation point. This holds for all of the bifurcation branches apart from
the branches emerging from the points H1 and K1. On emerging from these points of the dome, non-
axisymmetric components with a single wave along the circumference appear. However, at deflection
values at the pole of the dome of 0.6-0.7 of the thickness, components with three waves begin to be
superimposed on the non-axisymmetric components with a single wave along the circumference, and
the bifurcation branches, instead of joining, turn towards the unstable segment of the axisymmetric
trajectory. At the same time, the non-axisymmetric components with three waves along the
circumference acquire a decisive character, suppressing the non-axisymmetric components with a single
wave. As a result, on approaching the bifurcation point K13, the dome has a shape which is characteristic
of a branch with three waves along the circumference (Fig. 5).

The deformation pattern for the shallow spherical dome shown in Fig. 3 is only characteristic of a
shell of ideal shape. Since a real spherical shell necessarily has small deviations from an ideal spherical
form. Hence, when a dome is loaded with a uniform transverse load, it will, from the very beginning,
be deformed in a non-axisymmetric manner depending on which component of the initial inaccuracy
predominates in the case of that dome. It will lose stability by snapping, as has been shown in [22-25],
where a maximum non-axisymmetric deviation in the form of a spherical shell form the ideal of no greater
than 7% of its thickness and a maximum axisymmetric deviation of no greater than 20% were observed.
The upper critical load for such snapping will be defined by the load values, which are characteristic
in the case of the limiting points of the bifurcation branches of an ideal shell. It will be somewhat smaller
than these values which, in the case of the shallow dome under consideration, lie in the range from 0.5
to 0.9 (see Fig. 3). Depending on the nature and the magnitude of the initial imperfection of the dome,
its critical load must take values from a range with a lower boundary which is less than 0.5. This
assumption is fully in accord with the experimental data, which are shown in Fig. 1. In particular, for
a wall-thinness parameter p = 6, the experimentally found values of the critical loads of a shallow
spherical dome lie in the range from 0.37 to 0.88.

3. THE ACCURACY OF THE DETERMINATION OF CRITICAL LOADS

An analysis of the chosen computational scheme and the results of an investigation of the error in the
calculations enables us to assert that the solution of the problem of the geometrically non-linear
deformation of a shallow, elastic spherical dome can be obtained with a relative error which does not
exceeds 5%.

In fact, under conditions of the elastic deformation of a dome, the Marguerre equations for shallow
shells of finite deflection are considered to be quite accurate. The sources of error in these equations
arise from the assumption regarding the elasticity of the deformation of the dome, the quadratic law
for representing the deformations and the assumption regarding the shallowness of the shell. However,
according to existing estimates for shells with an aperture angle no greater than 22° and having deflections
less than ten thicknesses, the error in determining such an integral characteristic of the shell as its critical
load does not exceed 5%. The errors in the methods of solving the system of non-linear,algebraic,
equilibrium equations (1.7), that is, the errors in the Gauss, Newton, Jacobi and Kutta—Merson methods,
were monitored at each step in the calculations and, in their relative magnitude, did not exceed 107,
which is considerably less than the errors in the mathematical model. The same also applies to the error
in using the Rayleigh-Ritz method, which was determined numerically by calculations with different
numbers of terms in the sums (1.6), which approximate the displacements. They show that, to calculate
the critical loads of a dome with an accuracy of up to three significant figures, it suffices to take account
of six terms of the axisymmetric solution, five terms with cos9, five terms with cos20, three terms with
co0s30 and three terms with cos40.

4. CONCLUSION

The analysis of the non-axisymmetric, postbuckling deformation of a shallow spherical dome which has
been presented enables us to suggest that the observed scatter in the experimental values for its critical
loads are primarily caused by the existence of axisymmetric and non-axisymmetric initial shape
imperfections in it, and is most likely determined by the form of these deviations, rather than by their
magnitude. The value of the critical load must depend on which component of the initial imperfection
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in the dome, of the number of forms of its postbuckling, unstable equilibrium states which have been
found, predominates in the case of this dome. The introduction into the calculation of the deformation
of a dome of small initial imperfections in the nature of its forms of non-axisymmetric, postbuckling
equilibrium should enable the scatter in the values of the critical load observed in experiments to be
modelled.
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